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We present a protocol for deterministic generation of Fock states and Schro¨dinger cat-like states
in an optical cavity by quantum non-demolition photon number measurements and coherent feeding
of the cavity. We show how a careful feedback protocol design helps to achieve high success rates
for generation of states with high fidelity.
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By suitably tailored optical pulses it is possible to co-
herently manipulate the states of small quantum systems
and for example to steer molecular processes and chem-
ical reactions. Methods and concepts from this research
have spread to the field of quantum information theory
which, even with quantum error correction, requires a
very high degree of control [1, 2]. As an example, quan-
tum optimal control techniques can substantially improve
the performance of elementary quantum gates with cold
neutral atoms [3]. Optimal control methods aim at ma-
nipulating a few external parameters, i.e., currents and
magnetic fields of the atomic trapping potential, in such
a way that an initial state of the system evolves into
the desired final state with high fidelity. These tech-
niques are open-loop, i.e., they do not exploit the knowl-
edge that one can get by observing the system and using
the measurement outcome in a suitable feedback. Even
quite simple measurements display powers which are hard
to match with controllable interactions in terms of the
states accessible. For example, optical probing of spin-
polarized macroscopic atomic samples has been used to
enable atomic spin-squeezing [4], entanglement [5], quan-
tum storage [6] and teleportation [7], and measurements
of the phase of light transmitted through a modest cavity
has been proposed as a means to project product states
of atoms in the cavity into entangled states and to im-
plement quantum computation [8]. While some of these
schemes only herald the occasional production of the de-
sired state, others are deterministic in the sense that the
final state can be suitably displaced or the process can
be repeated until it is successful.
The natural next step is to apply feedback continu-
ously in time using the information acquired in real time
with the measurements. The theory for continuous mea-
surements and feedback [9, 10] combines the non deter-
ministic elements of quantum trajectories [11, 12] with
stochastic calculus. While these mentioned theories de-
scribe correctly the outcome of a given measurement and
feedback scheme, it is still an open problem how one iden-
tifies reliable schemes for a given task. A scheme for Fock
state generation has been proposed recently by Geremia
in Ref. [13] and an analysis of the stability of the feed-
back via a direct Lyapunov methodology was put forward
by Yanagisawa [14]. Our work shows a potential instabil-
ity of the protocol when the system is under continuous
observation and in the first part of the Letter we pro-
pose possible routes to ensure a stable feedback. In the
second part of the Letter we propose a strategy to gener-
ate a cat-like superposition |Ψ〉 ∝ |A〉+ |B〉 of two quasi
classical states.
A quantum non-demolition measurement of the pho-
ton number nˆ in a single cavity mode can be accom-
plished by measuring the phase shift of a probe laser field
that passes through an atomic gas inside the cavity and
couples to the cavity field by a dark-state mechanism in
the gas (see [13] and reference therein). This interaction
does not exchange photons with the cavity field, and the
phase shift has a linear dependence on nˆ, enabling thus a
non-demolition interaction which will gradually cause a
narrowing of the photon number state distribution. The
physical parameters for an experimental realization used
in both the schemes that we shall describe in the text are
taken from Ref. [13].
The time evolution of our best system state estima-
tion under continuous observations is governed by an Iˆto
stochastic master equation (SME) [9, 13]:
dρˆ(t) = −i [HˆFb(t), ρˆ(t)] dt+ κD[aˆ]ρˆ(t) dt
+M D[nˆ]ρˆ(t) dt+
√
M ηH[nˆ]ρˆ(t) dW (t),(1)
with D[Xˆ ] ρˆ ≡ Xˆ ρˆ Xˆ† − 1/2(Xˆ† Xˆ ρˆ + ρˆ Xˆ† Xˆ) and
H[Xˆ] ρˆ ≡ Xˆ ρˆ + ρˆ Xˆ† − Tr[(Xˆ + Xˆ†) ρˆ] ρˆ. In (1) M is
the so called measurement strength, κ is the cavity de-
cay rate, dW (t) are Wiener increments, and η ∈ [0, 1]
represents the quantum efficiency of the detection. The
innovation process, i.e., the difference between the actu-
ally observed photocurrent signal y(t) and its quantum
mechanical expectation value with the current quantum
state of the cavity field, is described by a Wiener process
[15], dW (t) = 2
√
M η [y(t) dt−〈nˆ〉 dt]. This difference is
due in parts to the shot noise in photo detection and to
the quantum mechanical uncertainty of the intra-cavity
photon number. The emergence of dW (t) in (1) repre-
sents the back action on the quantum field due to the
measurement.
2The feedback must apply an experimentally control-
lable Hamiltonian and we note that a displacement of the
field, implemented simply by feeding coherent amplitude
into the cavity, could in- or decrease the total photon
number in a controllable manner. Thus, the following
Hamiltonian is a natural choice:
HˆFb(t) = Gf xˆ. (2)
Here xˆ = (aˆ + aˆ†)/2 is a field quadrature operator, G
is the feedback gain factor, and f is our feedback policy
function, that we take to depend on appropriate expecta-
tion values for the field. At this point it is worth recalling
that we are trying to steer the dynamics of a quantum
system towards a definite state in an infinite dimensional
Hilbert space and we have only access to measurements
of a single observable and to the application of a single
feedback Hamiltonian. It is thus not clear at all whether
this task is possible. On the other hand, although only
the photon number is measured, the SME gives access to
the full quantum state and we hence know the expecta-
tion value of any physical property of the system. This
means that, via the feedback policy function, we can in-
corporate this knowledge in our feedback.
A natural choice for the feedback policy function is
f(〈nˆ〉) = n⋆−〈nˆ〉, where n⋆ is the desired photon number
[13]. The feedback Hamiltonian causes a displacement of
the field quadrature operator pˆ = (aˆ − aˆ†)/(2 i). The
feedback is proportional to n⋆ − 〈nˆ〉, and hence a state
with negative 〈pˆ〉 can be shifted to larger negative values
of 〈pˆ〉 and hence typically a larger 〈nˆ〉, if desired. We
have carried out simulations of the stochastic dynamics,
starting with the vacuum state and approaching different
desired number states. In many simulations, the process
works, and the number state is approached ”from below”,
but as we get very close to an exact number state, the
mean amplitude gets very small, as is should, and there is
a chance that a single back action step causes a change of
sign of 〈pˆ〉 as in Fig. 1 c, d. After this has happened the
displacements have the opposite effect and the feedback
would counteract the approach to the target state.
It is difficult to assess whether the equations may re-
ally lead to this kind of instability or whether particular
care with the numerical incorporation of the Wiener pro-
cess for infinitesimal time steps may indeed lead to a
fully stable dynamics with no sign changes of the field
quadrature 〈pˆ〉. Irrespective of the precise answer to this
question, however, our numerical findings suggest that
in an experimental implementation of the feedback pro-
tocol, minor errors in the feedback control, the actual
delay between measurements and feedback, and the fi-
nite bandwidth of detection and feedback electronics may
make the instability occur. If we assume that experi-
mental imperfections lead to errors comparable to the
ones resulting from too coarse time steps in the prop-
agation of the stochastic master equation, we can esti-
mate their effect in a simple model: We assume that
Figure 1: (Color online) Husimi Q-function at different times
for a single realization of the feedback scheme aimed at pro-
ducing the number state |n⋆ = 3〉 by use of the policy function
given by (4). The lower panel shows the time evolution with
changes of sign of the field quadrature 〈pˆ〉. The symbols in
the lower panel indicate the times of the snap shots shown in
the upper panels.
the state at some time t0 is close to a number state,
|Ψ0〉 = |n⋆〉+ǫ (|n⋆ − 1〉+|n⋆ + 1〉) with ǫ≪ 1. This state
has the field quadrature 〈pˆ(t0)〉 = ℑ(ǫ) (
√
n⋆ + 1−√n⋆),
and the mean photon number is given by 〈nˆ〉 = n⋆. To
lowest order in ǫ we can neglect the effect of the feedback
in the SME. In that case and for κ = 0 it is possible
to find analytically the solution of the SME, as in [16].
Assuming η = 1, the field quadrature is given by
〈pˆ(t0 + τ)〉 = ℑ(ǫ) eM [(1+2n⋆)(2I−τ)−2 (n⋆)2 τ ]
×
[√




where I = ∫ t0+τt0 y(s)ds. For brevity we omit normal-
ization factors. The change of sign is determined by the
sign of the last term in (3). Performing the expansion√
n⋆ + 1 ≃ √n⋆[1 + 1/(2 n⋆)] we get the following con-
dition: τ n⋆ − 1/(8M n⋆) > I. In a very short time we
are allowed to write I ≈ n⋆ τ + ∆W (τ)/(2√M), which
provides the inequality
√
M ∆W (τ) < −1/(4n⋆). Here
∆W (τ) is a finite Wiener increment which is Gaussian
distributed with mean zero and variance τ . When the
time step in the simulation is so small that the width of
the Gaussian distribution is very narrow, it is very un-
likely to obtain the change of sign. This condition holds
if the parameter rp ≡ 16M τ (n⋆)2 ≪ 1. Assuming now
that an experimental implementation with a detector or
feedback bandwidth of the order of 1 GHz, or a feedback
delay on the order of a nanosecond can be modelled by a
3Table I: Simulation parameters used in our feedback.
Protocol sn sp ǫ α β MT p0 G/M
Fock state 20 20 1 9.13 · 10−4 7 20 0.02 2
Cat state 4 5 0 0 0 0.02 1 ÷ 10
simulation with time steps of this size, with a measure-
ment strengthM of the order of 1 MHz and a target state
n⋆ = 3 we get rp ≃ 0.15, which is clearly not small enough
to make the sign changes highly improbable. We there-
fore suggest that a more robust experimental scheme is
necessary, and we shall present such a scheme which, in-
deed, shows higher robustness in our simulations.
The fact that a sign change of 〈pˆ〉 implies that cor-
rective changes in this value may both increase and de-
crease 〈nˆ〉 suggests that a feedback policy function that
depends also explicitly on 〈pˆ〉, for example f(〈nˆ〉, 〈pˆ〉) =
−sign(〈pˆ〉) (n⋆ − 〈nˆ〉), may remedy this problem. While
the instability problem is, indeed, solved with this func-
tion, we observe that in some of the simulations (about
3%) the state converges to another Fock state than the
target one. The reason is that the feedback constantly
changes direction as the sign of 〈pˆ〉 alternates close to any
Fock state and the system dynamics freezes. By choosing
a more smooth feedback policy function, we can signif-
icantly reduce this problem, and we have investigated
functions described by the following Ansatz,
f(〈nˆ〉, 〈pˆ〉) = tanh{sn [〈nˆ〉 − n˜⋆(t)]}
× tanh[sp (〈pˆ〉+ p0)]
(4)
with n˜⋆(t) = n⋆+α−(ǫ+α) e−β t/T where sn, sp, p0, ǫ, α,
T , and β are adjustable parameters. The function n˜⋆(t)
describes a moving target value for the photon number,
attaining asymptotically the desired value, but with a
different starting point parametrized by α, ǫ and with
a rate of approach governed by β. The small shift p0
makes the state less likely to freeze in the initial vacuum
state and in arbitrary Fock states. A single realization
with that policy function is shown in Fig. 1 for η = 1
and κ = 0. We used a derivative free order 2.0 weak
predictor-corrector method [17] to integrate the SME.
In order to quantify the quality of the presented feed-
back strategy we define the fidelity as F = 〈n⋆|ρˆ(t)|n⋆〉.
It is a difficult problem to prove the general stability
of the protocol and to identify the definitely optimal
feedback strategy. Instead we have had recourse to the
parametrized Ansatz (4) and by optimizing the parame-
ters for a large number of simulated runs of the protocol
we have reduced the number of wrong outcomes, and thus
the infidelity (1 − F) well below the per cent level. In
Table I we list the optimal parameter values used in the
simulation of the SME in units of M .
Let us now turn to the creation of a Schro¨dinger cat-
like state, i.e., a superposition of two states, which are
both well localized in separate regions of the effective
position-momentum phase space of the field variables.
We still restrict ourselves to the measurement and in-
teraction capabilities outlined above, but our principal
idea is now the following: By the method described, we
approach a target Fock state, occupying a ring in phase
space. At a carefully chosen point before we reach this
state, the phase space distribution is of the shape of a
banana and we feed coherent radiation into the cavity to
displace the state. We subsequently start probing again
towards the Fock state. In a pictorial representation, this
scheme will select a quantum state with phase space sup-
port at the overlap of the displaced banana and the new
Fock state ring, i.e., at two crossing regions, and hence a
Schro¨dinger cat-like may result from the protocol.
The functioning and achievements of this protocol are
illustrated in Fig. 2. For this protocol we fix n˜⋆(t) = n⋆,
because our aim is not to get a stable photon number
state and it is important to not lose time in the prepa-
ration of the banana-like state. We find heuristically
(for n⋆ ≃ 10) that the following protocol has a high
success rate: At time t = 0 we start with the elec-
tromagnetic vacuum (a) and we apply the Fock state
feedback protocol towards n⋆ but only until the quadra-
ture 〈pˆ〉 < √n⋆ − 1 − √n⋆. At that time the Husimi
Q-function looks like half a ring in position-momentum
phase space (b). The state is now shifted towards the
positive value 〈pˆ〉 = 0.9√n⋆ (c) and at that time we
start again to observe the photon number in the system
until a cat-like state is found (d), and finally shifted to
a symmetric state around the centre of the phase space
(e).
The protocol does not work in every run of the simu-
lation/experiment. When we start the measurement on
the banana-like state it sometimes happens that the state
collapses into a quasi coherent state [18], and sometimes
the state dynamics gets too rapid to control. Since we
have access to the density matrix, we know if the col-
lapse takes place, and this problem is partially solved by
starting again to generate a new banana-like state with
the number state feedback generator. The second prob-
lem is solved in our simulations by applying a not too
fast ramp of increased measurement strength M(t), con-
trolled in the experiment by the probe laser power [13].
In our protocol it is important that the switching on of
that laser is not too fast (200 ns), but it is also important
that it is switched off quickly (1 − 2 ns) for an M of few
MHz strength. Using such a ramp, we observed a success
probability for the production of the cat-like state of 51%
for n⋆ = 5, 69% for n⋆ = 8, and 77% for n⋆ = 10. Those
results are obtained in the ideal situation of perfect de-
tector efficiency and no cavity decay. We observe that
the fidelity and success probability for n⋆ = 10 do not
change appreciably when cavity decay κ = 0.005M and
finite detector efficiency η = 0.8 are taken into account.
Surprisingly, large cat-like states are producted with a
higher success probability.
Our definition of a cat-like state does not fully comply
4Figure 2: (Color online) Time evolution of the Husimi Q-
function for a single successful realization of the cat-like state
(η = 1, κ = 0, and n⋆ = 10). In (f) the positive x component
of the Q-function in (e) is magnified. The white ring indicates
a contour for the choice of displaced squeezed state |α, ξ〉 in
(5) that yields the best overlap with our state. The lower
panel shows the histogram of the fidelity for 135 simulations
with n⋆ = 10, κ = 0, and η = 1.
with the original Schro¨dinger cat, which involves a super-
position of two distinct states of a classical system. This
is of course a matter of interpretation and convention,
but the use of the Schro¨dinger cat terminology in quan-
tum optics has a natural restriction, where the “classical”
state is taken as a coherent, Gaussian, minimum uncer-
tainty state in the position-momentum phase space. The
production of such a state is by no means guaranteed by
our protocol, but we have investigated to which extent,
the state produced can be written as a superposition of
two displaced, squeezed states (we allow squeezing, as
this can be incorporated in a redefinition of the position
and momentum variables, and as it is a feasible non-linear
optical operation). As a way to quantify the quality of
the cat-like state we use the optimal overlap fidelity
Fcat := max
ξ,α,φ
{〈Ψ(ξ, α, φ)|ρˆ|Ψ(ξ, α, φ)〉} , (5)
where |Ψ(ξ, α, φ)〉 = N (ξ, α, φ) (|α, ξ〉+ ei φ |−α, ξ∗〉) ,
and where ξ = rei θ is a squeezing parameter, α = x+ i y
is a displacement parameter, and N (ξ, α, φ) is a normal-
isation factor. The results of 135 attempts to produce
the cat-like state are shown in Fig. 2, which provide an
average fidelity of about 90%.
In conclusion we have proposed to generate non-
classical states of light in a cavity by using quantum
measurements and feedback. By choosing an elaborate
feedback strategy, instability problems can be reduced
and photon number states are reliably produced in the
cavity. A protocol for production of highly non-classical
Schro¨dinger cat-like states with high fidelity and success
probability was proposed. We are currently working on
the generalization of the ideas presented in this Letter to
the generation of similar states of atomic ensembles.
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